Edge mode manipulation through commensurate multifrequency driving by Molignini, Paolo
Edge mode manipulation through commensurate multifrequency driving
Paolo Molignini1
1Clarendon Laboratory, Department of Physics, University of Oxford, OX1 3PU, United Kingdom
(Dated: April 22, 2020)
We explore the impact of commensurate multifrequency driving protocols on the stability of
topological edge modes. In particular, we study three paradigmatic fermionic systems — namely
the Kitaev chain, the Su-Schrieffer-Heeger model, and the Creutz ladder, and demonstrate how to
control the localization length of the corresponding edge states. Using Floquet theory, we show that
all the topological phase transitions can be mapped to their single-frequency counterparts in terms
of effective driving parameters. This drastic simplification can be explained by considering the gap
closures in the quasienergy dispersion. These gap closures are pinned to high-symmetry points,
where all the effective Floquet Hamiltonians collapse to the same form. While for all protocols all
topological phase transitions coincide, the gap size and the number of edge modes in the quasienergy
spectra vary considerably depending on the chosen driving pattern. This gives rise to a full range
of edge states with different degrees of localization, from highly localized to completely delocalized.
Switching between different driving protocols then suggests a dynamical control of the localization
and stability of topological edge modes, with possible applications in quantum computation.
1. INTRODUCTION
The discovery of topological order has drastically al-
tered our understanding of phase transitions1–6. Topo-
logical states represent radically new phases of matter
with robust ground state degeneracy and complex highly-
entangled structures that lead to outlandish new proper-
ties7–15. Arguably, the most paradigmatic of such prop-
erties is the emergence of perturbatively-stable modes at
the edges of a finite-size sample. Depending on the sys-
tem, these modes can be fermionic or anyonic, abelian
or non-abelian, static or dispersive, and therefore can
be harnessed for countless different technological appli-
cations ranging from quantum computation16,17, to low-
power electronics18 and spintronics19.
A particularly interesting class of topological order
arises in periodically driven or Floquet systems, to which
belong e.g. Floquet topological insulators20–25, Floquet
topological superconductors26–34, and Floquet semimet-
als35–40. For these systems, tuning energy parame-
ters periodically in time can realize edge modes in the
quasienergy spectrum even in parameter ranges where
the static counterparts are topologically trivial. Fur-
thermore, because of the time-periodicity, the energy
bands are backfolded to a Floquet-Brillouin zone at which
boundaries a new flavor of edge modes — so-called pi edge
modes — can appear. The interplay between 0 and pi
edge modes gives rise to very rich phase diagrams with a
tunable cascade of topological phase transitions (TPTs).
A natural question emerging in periodically driven
topological systems is how the topological features gen-
eralize when the system is driven not with just one fre-
quency, but several. In recent years, numerous studies
have been conducted in this direction41–45. The liter-
ature has however focused mainly on incommensurate
multifrequency driving, where there is no global periodic-
ity and hence no usual stroboscopic Floquet operator can
be defined. The interplay between different incommen-
surate drives is instead studied by operating in a multi-
dimensional Fourier space, which effectively induces syn-
thetic lattice dimensions. The synthetic dimensions can
be explored to induce energy conversion between different
driving modes41,45, multiplex edge modes in lower dimen-
sional geometries42,43, or stabilize dynamical topological
phases44. However, while the study of incommensurate
multifrequency driving has opened intriguing avenues for
novel quantum engineered topological states of matter,
the effect of commensurate multifrequency driving has
been less explored.
In this work, we will fill this gap by exploring the ef-
fect of commensurate multifrequency driving on three
paradigmatic topological models: the Kitaev chain, the
Su-Schrieffer-Heeger model, and the Creutz ladder. We
will focus on these systems because 1) they repre-
sent different symmetry classes of fermionic systems in
the Altland-Zirnbauer classification of topological sys-
tems46–48, and 2) they can all be described by the same
type of 2× 2-Hamiltonian in k-space. By employing Flo-
quet theory, we will demonstrate that the introduction of
commensurate multifrequency driving has exciting reper-
cussions on the properties of the edge states in the various
models studied. By comparing the phase diagrams of the
single and multi-frequency driving, we discover that all
the TPTs generated from multifrequency driving can be
mapped to the single driving TPTs by an appropriate
choice of effective driving parameters. We characterize
this mapping analytically in terms of gap closures in the
quasienergy dispersion with the help of the bulk-edge cor-
respondence. Furthermore, we determine that it is pos-
sible to dynamically alter the generation and stability of
edge modes by carefully choosing an appropriate multi-
frequency driving protocol. We show that dynamically
switching between different multifrequency driving con-
figurations provides an efficient way to manipulate the
quasienergy gap and hence the localization length of the
edge modes. We find that the localization of the edge
modes can be controlled over a very wide range, from
strong localization to complete delocalization. The con-
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2trol of the localization of the edge modes, specially non-
abelian Majorana modes, is a key ingredient for possible
applications in topological quantum computing17,49–52.
Our results provide a fresh approach to this task by care-
fully exploiting the versatility of Floquet engineering.
This article is structured as follows. In section 2, we
summarize the methods of Floquet theory that we use to
analyze the topology of the multifrequency-driven sys-
tems. In section 3, we illustrate the basic premise of our
work by considering the well known Kitaev chain driven
with two choices of multifrequency driving schemes — a
series of Dirac delta pulses and an harmonic drive. We
provide an analytical explanation of our findings by an-
alyzing the gap closures of the quasienergy dispersion.
In sections 4 and 5, we demonstrate the generality of
our approach by applying it to the Su-Schrieffer-Heeger
model and to the Creutz ladder. A conclusion in section
6 wraps up our discussion and provides an outlook to
future investigations.
2. METHODS
We consider a time-dependent Hamiltonian H(t) de-
scribing a topological 1D system of free fermions and
subjected to a periodic driving with multiple commensu-
rate periods T1, T2, etc. that fulfill the commensuration
condition
piTi = pjTj = T, ∀i, j (1)
with T the least common multiple of all the periods. This
kind of multifrequency driving generates complex struc-
tures within the full period T . The simple case of single-
frequency drive is recollected setting pi = pj ,∀i, j.
To characterize the topology emerging in the driven
multifrequency case, we examine the quasienergy spec-
trum {˜α ≡ αT} of the open chain (normalized between
[−pi, pi)). The quasienergies are the eigenvalues of the
effective stroboscopic Floquet Hamiltonian
heff ≡ i logU(T, 0), (2)
where
U(T ) ≡ T
[
exp
(
−i
∫ T
0
dtH(t)
)]
(3)
is the Floquet operator, i.e. the time-evolution opera-
tor over one cycle of the drive. The symbol T indicates
time-ordering. For simplicity, we have set ~ = 1 and the
initial instant of the time evolution at t = 0. Because of
the Floquet theorem53, the quasienergies are 2pi-periodic
and can therefore be defined in the interval [−pi, pi], of-
ten termed Floquet-Brillouin zone. Besides the usual
gap closures and associated edge modes at  = 0, this
backfolding procedure creates new channels for band gap
closures at ±pi, where new kinds of edge states, called
pi-modes, can appear20,21. The number of gapped 0- and
pi-quasienergies determines the total number of localized
edge states27.
To locate the TPTs where the number of edge modes
changes, and therefore map out the topological phase di-
agram, we numerically count the number of quasienergies
below a given threshold δ around  = 0 and  = pi. We
also exploit the bulk-edge correspondence54,55 to extract
information about the topology from the bulk Floquet
Hamiltonian defined for the infinite system, or the sys-
tem with periodic boundary conditions, where the mo-
mentum k is a good quantum number. For the generic
1D fermionic systems analyzed here, the bulk Floquet op-
erator takes the following form constraint by unitarity:
Uk(T, 0) =
(
A B
−B∗ A∗
)
. (4)
The eigenvalues of the 2 × 2 matrix Uk(T, 0)
can be written in a compact form as λ±k =
TrUk(T,0)
2 ±
√(
TrUk(T,0)
2
)2
− detUk(T, 0). Knowing ad-
ditionally that detUk(T, 0) = 1, we can use the iden-
tity arccos z = −i log (z +√z2 − 1) to extract the ef-
fective Floquet quasienergy dispersion θk, defined via
Uk(T, 0)ψ(k) = e
iθkψ(k), as
θk = −i log λ+k = arccos
[
TrUk(T, 0)
2
]
. (5)
This is a very compact yet very general result, which is
valid for any type of periodic driving on any 1D fermionic
system generating an analytic 2×2 bulk Floquet operator
Uk(T, 0). Though Uk is expected to be very complex for
multifrequency driving, certain
We will now begin our analysis by considering the peri-
odically driven Kitaev chain, and then extend it to other
1D topological systems belonging to different symmetry
classes.
3. KITAEV CHAIN
We begin our analysis by considering the Kitaev chain
(KC) subjected to various kinds of multifrequency driv-
ing schemes. The KC has become a paradigmatic ex-
ample of a topological superconductor hosting Majorana
(i.e. anyonic) edge modes11. Numerous proposals, for
instance with proximitized semiconductor nanowires56,
magnetic adatoms57, or arrays of quantum dots58, have
sought to realize it experimentally with preliminary ob-
servable signatures of their physical existence.
The real-space Hamiltonian of the KC is
HKC =
N−1∑
n=1
[
τf†nfn+1 + ∆fnfn+1 + h.c.
]
−
N∑
n=1
µ0(2f
†
nfn − 1) (6)
3μ0 ...
w1 w2 w3 w4 w2N-1 w2N
...
...
...
Jx
Jy
f1 f2 fN
Figure 1: Schematic depiction of the Kitaev chain in the
Majorana representation. The orange ellipses represent the
spinless fermions of the chain (one per site). Each fermion
fi at site i can be decomposed into two Majorana fermions
w2i−1, w2i (green circles). In the Majorana representation,
the Kitaev chain is described by an on-site chemical potential
µ0 and hopping coefficients Jx and Jy which couple different
Majorana fermions across neighboring sites. This description
manifestly leads to uncoupled MZMs at the ends of the chain,
e.g. for µ0 = Jy = 0.
and describes a one-dimensional (1D) chain of N spinless
fermions with operators f
(†)
n fulfilling anticommutation
relations
{
f†m, fn
}
= δmn, {fm, fn} =
{
f†m, f
†
n
}
= 0. The
particles are coupled together through a nearest-neighbor
hopping term τ , a p-wave superconducting pairing ∆, and
a chemical potential µ0, as illustrated in Fig. 1.
To understand the emergence of the edge modes, the
KC can be rewritten in terms of Majorana fermions11,27
w2n−1 = fn + f†n, w2n = i(fn − f†n) which satisfy instead
the anticommutation relation {wm, wn} = 2δmn:
HKC = i
N−1∑
n=1
[
Jxw2nw2n+1 − Jyw2n−1w2n+2
]
+ i
N∑
n=1
µ0w2n−1w2n, (7)
with the couplings Jx =
1
2 (τ−∆) and Jy = 12 (τ+∆). For
open boundary conditions, certain parameter ranges al-
low the existence of zero-energy states — dubbed “Majo-
rana zero-energy modes” (MZMs) — whose eigenvectors
are purely real and localized at the ends of the chain11,27.
This results is shown in Fig. 2.
Albeit the end modes can be detected only for long
open chains, the bulk-edge correspondence54,55 allows us
to characterize them through a topological invariant con-
structed in momentum space, i.e. for a system with
PBC f
(†)
N+1 = f
(†)
1 . Introducing the Fourier transform
fk =
1√
N
∑N
n=1 fne
ikn (and similarly for f†k) the Hamil-
tonian transformed to momentum-space reads
HKC =
∑
0≤k≤pi
(
f†k f−k
)HKC,k ( fkf†−k
)
(8)
with the Bogoliubov-de Gennes (BdG) bulk Hamiltonian
HKC,k = 2∆ sin k σy + 2 (τ cos k − µ0) σz, (9)
Figure 2: a) Illustration of the phase diagram for the static
Kitaev chain as a function of the chemical potential µ0 and
the superconducting pairing ∆. The phases with W = ±1
are topological, while the ones with W = 0 are topologically
trivial. The TPTs are marked by the red lines. b) The ex-
citation spectrum of the static Kitaev chain as a function of
µ0 calculated from diagonalizing the Majorana Hamiltonian
with τ = 1, ∆ = 0.5. Note how the excitation spectrum
closes and reopens a gap upon creating and destroying the
MZM. c) Localization of the zero-energy modes on the ends
of a chain with N = 100 sites (i.e. 2N = 200 Majorana sites),
demonstrating that they have MZM character.
where σi denote Pauli matrices. In accordance with the
symmetries of the D class of non-interacting fermionic
systems48, the topological invariant is defined as the
winding number
W =
1
2pi
∫ pi
−pi
dk
dφ(k)
dk
. (10)
where φ(k) = arctan
(
τ cos k−µ0
∆ sin k
)
27,59. By mapping out
W across the parameter space spanned byM = (µ0,∆)
1,
one obtains a topologically nontrivial phase with W = 1
at |µ0| < |τ |, and a trivial phase with W = 0 at |µ0| > |τ |.
Correspondingly, in the open chain geometry, the phase
with W = 1 hosts MZMs, while the one with W = 0 does
not. The different phases are illustrated in Fig. 2a).
3.1. Multifrequency driving in the Kitaev chain
There are many ways to introduce multifrequency driv-
ing in the problem. For the sake of exposition, we will at
first restrict ourselves to two-frequency driving, and then
1 We normalize the energy to dimensionless units by dividing all
the energy parameters by τ .
4extend our results to M arbitrary commensurate frequen-
cies. One possible driving scheme consists of driving the
same parameter (e.g. µ) as
µ(t) = µ0 + µ1(t) + µ2(t), (11)
where the two functions µ1(t) and µ2(t) are periodic
with different but commensurable periodicities T1, T2
such that p1T1 + p2T2 = T , p1, p2 ∈ N. Alternatively,
different parameters could be driven simultaneously, e.g.
τ(t) = τ0+τ1(t) and µ(t) = µ0+µ2(t), where the drivings
should again have different but commensurate periods.
In terms of their effect on the topology of the system,
the two different driving schemes are equivalent, as we
can verify by examining the bulk Kitaev Hamiltonian
HKC,k(t) = 2 (∆(t) sin k σy + (τ(t) cos k − µ(t)) σz) .
(12)
It is known in the literature that the topology of the
KC is exclusively determined by the σz component33,60.
This is because the gap is locked at the high-symmetry
points (HSPs) k0 = 0, pi due to inversion symmetry, and
there the σy component is zero. Therefore, periodic driv-
ing of the hopping τ(t) should be topologically equiva-
lent to driving the chemical potential µ(t), while driv-
ing ∆(t) should not change the topology at all. Note
that this reasoning excludes frozen dynamics phenomena
and other kinds of anomalous transitions at k0 6= 0, pi32,
which are however less systematic and therefore will be
ignored here. For these reasons, we will therefore focus
on multifrequency driving of the same parameter, which
for simplicity we will choose to be the chemical potential
µ. We will now consider different practical realizations
of multifrequency driving for the KC.
3.1.1. Delta drive
We begin by analyzing the KC subjected to the fol-
lowing multifrequency Dirac delta drive in the chemical
potential:
µ(t) = µ0 + µ1T1
∑
m∈Z
δ(t−mT1)
+ µ2T2
∑
m′∈Z
δ(t−m′T2). (13)
For each different commensuration, the topological phase
diagram can be obtained by diagonalizing the effective
Floquet Hamiltonian in the Majorana representation.
Similarly to single-frequency driving, the time ordering
in the Floquet operator can be evaluated directly when
subjected to a series of delta pulses, and the Floquet
operator can be calculated analytically as a product of
exponentials. An exemplary depiction of two multifre-
quency driving protocols is offered in Fig. 3.
Much like in the static case, the quasienergy spec-
trum of the driven case can exhibit Majorana zero-energy
T
μ 2
μ 1
μ 0
T2
T1
2T
...
T
μ 2
μ
μ 0
T2
T1
2T
...
a) b)
1
Figure 3: Illustration of two possible protocols for Dirac delta
multifrequency driving with noninteger ratios: a) 3:2 drive, b)
4:3 drive.
modes (MZMs) localized at the ends of the chain. Be-
cause of the periodicity in the quasienergy spectrum,
though, it is also possible to generate a new flavor of Ma-
jorana modes at quasienergy±pi. We will refer to these as
Majorana pi modes (MPMs). Much like MZMs, MPMs
are purely real and localized at the edges27. However,
in contrast to the static case, it is possible to generate
a hierarchy of MZMs and MPMs by simply tuning the
system’s parameters over a wide range. The system can
hence be made topological even when the undriven phase
has trivial topology27,32.
Because the form of the Floquet operator is
strongly dependent on the commensuration scheme, the
quasienergy spectrum will depend strongly on it, too.
This finding is illustrated in Fig. 4, where the quasienergy
spectrum around  = 0 is compared across various com-
mensuration schemes. Different driving protocols dras-
tically alter the behavior of the quasienergy spectrum,
specially compared to the single-frequency drive (panel
a)). In particular, the size and shape of the quasienergy
gap is profoundly impacted by the type of driving proto-
col chosen, and so is the number of mid-gap states and
quasienergies that correspond to MZMs. A similar sit-
uation occurs also for gap closures at  = pi that are
associated with appearance and disappearance of MZMs.
Even though the quasienergy gap exhibits a great vari-
ation in its shape and size, from Fig. 4 we can also ap-
preciate how the various protocols all induce the same
gap closure (at T ≈ 1.75 for the chosen delta-drive pro-
tocol). At the same time, the size of the quasienergy
gaps and the number of Floquet-Majorana modes to-
wards  = 0, pi is different. This finding is investigated
more in depth in Fig. 5, where the topological phase di-
agrams extracted from counting the number of 0 and pi
quasienergies are shown for the different driving proto-
cols. We can clearly see that, upon renormalizing the
driving strength to the effective value µeff ≡ µ1 +µ2, the
TPTs all coincide with the ones observed for the single-
driving case. We note that the shaded patterns appear-
ing in certain plots (d)-f)) are due to the quasienergy
spectrum becoming more dense and the quasienergy gap
becoming quite small (see also 4). This makes the ar-
bitrary definition of the quasienergy threshold for the
detection of zero and pi modes less precise. Nevertheless,
the patterns can be progressively reduced as N →∞, but
this becomes computationally cumbersome. Another nu-
merical artefact is the appearance of the pockets around
5Figure 4: Comparison of the quasienergy spectrum for the
periodically driven Kitaev chain with single-driving protocol
and with various commensurate double-driving protocols for
a chain with N = 400 fermions: a) single-driving protocol, b)
2:1 protocol, c) 3:1 protocol, d) 3:2 protocol, e) 4:3 protocol,
f) 5:3 protocol. The red lines around 0 denote the threshold
10−3 used in the extraction of the phase diagram of figure 5.
The quasienergy spectrum was calculated as a function of the
full period T across a cut at µ1 + µ2 = 0.7. The values of the
static parameters are all τ = 1.0, ∆ = 0.1, µ0 = 0.1.
T ≈ 0, µ1 + µ2 ≈ 0.9 which seem to contain a large
number of zero modes. Here the quasienergy spectrum is
squeezed to very small values around zero because of the
very small period T , leading to many quasienergies below
the threshold for the definition of zero modes. Both nu-
merical artefacts are observed also for other models (see
next sections).
To better illustrate how the different yet commensu-
rate multifrequency driving affects the edge modes, in
Fig. 6 we plot a comparison across eight different driv-
ing protocols of the same Floquet MZM appearing at
T = 2.0, µ1 + µ2 = 1.5 in the effective phase diagram.
From the plots we can appreciate how the localization of
the edge modes (and therefore their overlap with fully de-
localized bulk modes) is strongly influenced by the type
of protocol used, up to the point where they can be ren-
dered fully extended and completely lose their meaning of
“edge” modes (Fig. 6g) and h) for 4:3 and 5:3 protocols).
This effect on the edge state localization could be use-
ful in the dynamical manipulation of Floquet-Majorana
modes, for instance in quantum computation schemes
consisting of several segments of KCs longitudinally cou-
pled with each other50: increasing the localization length
Figure 5: Comparison of the phase diagram for the pe-
riodically driven Kitaev chain with single-driving protocol
and with various commensurate double-driving protocols: a)
single-driving protocol, b) 2:1 protocol, c) 3:1 protocol, d)
3:2 protocol, e) 4:3 protocol, f) 5:3 protocol. At every point,
the number of (asymptotic) FMMs was calculated from the
quasienergy spectrum of a chain with N = 400 fermions as
the number of quasienergies  within a threshold 10−3 from
0 and pi. The values of the static parameters are all τ = 1.0,
∆ = 0.1, µ0 = 0.1.
for one segment could favor intra-segment coupling be-
tween the edge modes, while decreasing it could promote
inter-segment interaction. The gap and the localization
of the edge modes could be tuned at will by maintain-
ing the same overall periodicity T , but splitting the drive
into subpeaks that fulfill the sum rule (18) and the com-
mensuration rule (1).
The number of matrix exponential products in the Flo-
quet operator for a p1 : p2 driving protocol is N (p1, p2) =
2(p1 + p2 − 1) and can be used as estimation parame-
ter of the complexity or “richness” of the protocol it-
self. For example, the richness of a 6 : 1 protocol is
comparable with the one of a 4 : 3 protocol because
N (6, 1) = N (4, 3) = 12, while they are both more com-
plex than a 2 : 1 protocol with N (2, 1) = 6. Generally
speaking, richer driving protocols appear to spread the
quasienergies more uniformly across the spectrum and
reduce the quasienergy gap to the edge states. This be-
havior in turn tends to delocalize the Floquet-Majorana
modes away from the edges. Exceptions to this trend
however occur, as pictured in Fig. 4, where the gap
around the MZM is larger in the 2:1 and 3:1 protocols
6Figure 6: Spatial extent of the same zero-quasienergy
Floquet-Majorana mode at T = 2.0, µ1 + µ2 = 1.5, across
eight different driving protocols. a) single-frequency driving
(µ1 = 1.5), b) 2:1 protocol, c) 3:1 protocol, d) 4:1 protocol,
e) 5:1 protocol, f) 3:2 protocol, g) 4:3 protocol, h) 5:3 pro-
tocol. For all multifrequency protocols µ1 = 1.3, µ2 = 0.2.
The values of the static parameters are all τ = 1.0, ∆ = 0.1,
µ0 = 0.1.
Figure 7: Emerging new pi Floquet-Majorana edge states in
the 3:1 driving protocol. The parameters are the same of
Fig. 6.
than in the single-frequency case. In fact, the number
of edge modes can also be increased by applying more
complex multifrequency driving protocols. This mech-
anism is illustrated in Fig. 7, which depicts the genera-
tion of two additional edge-localized pi-modes through the
application of a 3:1 protocol. Switching between differ-
ent multifrequency protocols could therefore be a viable
option to dynamically increase or reduce the number of
edge modes without altering the overall periodicity of the
drive.
The localization of the edge modes can be tuned not
only by operating with different driving schemes, but also
within the same protocol using different distributions of
the total driving strength µeff across the different drives.
This finding is shown in Fig. 8, where we compare the
quasienergy spectrum and the corresponding localization
of a zero-quasienergy Floquet-Majorana mode at T =
2.0 (highlighted as a vertical red line). By varying the
distribution of the total driving intensity across the two
Dirac combs, the quasienergy spectrum and thus the size
Figure 8: Quasienergy spectrum (left panels) and zero-
quasienergy Floquet-Majorana modes (right panels, corre-
sponding to the vertical red line on the left) for the Kitaev
chain of N = 400 fermions, driven with the 2:1 multifrequency
protocol at T = 2.0 for different values of µ1 +µ2 = 1.5. a)-b)
µ1 = 1.4, µ2 = 0.1. c)-d) µ1 = 1.0, µ2 = 0.5. e)-f) µ1 = 0.8,
µ2 = 0.7. g)-h) µ1 = 0.5, µ2 = 1.0. i)-l) µ1 = 0.1, µ2 = 1.4.
The values of the static parameters are all τ = 1.0, ∆ = 0.1,
µ0 = 0.1.
of the quasienergy gaps can be tuned at will (left panels).
Consequently, the localization length of the edge mode
can be controlled (right panels), making it more or less
susceptible to interactions with other bulk modes due
to an increased wave function overlap. Note that the
transfer of driving intensity between the two pulses could
be achieved adiabatically and thus does not introduce
quench dynamics.
3.1.2. Theoretical explanation
The fact that different multifrequency drives realize
the same effective topological phase diagram can be un-
derstood by looking at the form of the Floquet opera-
tor for the infinite system (or the system with PBC),
7Eq. (2). Let us generally consider a commensurate p : q
drive with delta kicks of strength µ1T1 and µ2T2 such
that pT1 + qT2 = T , such as Eq. (13). Because the topol-
ogy will be governed by the closure or opening of the
quasienergy gap at the HSPs, we can think of evaluating
the Hamiltonian HKC,k(t) around the HSPs k0 = 0, pi,
which will eliminate to σy term due to sin k0 = 0. The
Floquet operator then becomes a product of diagonal ma-
trices that commute with each other, and can be written
in a compact form. For example, for a 3:2 drive:
Uk0(T, 0) = exp (2i(µ1T1 + µ2T2)σ
z) exp (−2i(τ cos k0 − µ0)T1σz) exp (2i(µ1T1)σz) exp (−2i(τ cos k0 − µ0)(T2 − T1)σz)
× exp (2i(µ2T2)σz) exp (−2i(τ cos k0 − µ0)(T2 − T1)σz) exp (2i(µ1T1)σz) exp (−2i(τ cos k0 − µ0)T1σz)
= exp [−2iT [τ cos k0 − (µ0 + µ1 + µ2)]σz]
≡ exp [−2iT (τ cos k0 − (µ0 + µeff))σz] , (14)
where we have used the commensuration condition 3T1 =
2T2 = T and defined µeff ≡ µ1 + µ2. The above calcu-
lation can be generalized to the general commensuration
condition pT1 = qT2 = T to obtain obtain the same
result. Note that the Floquet operator for the single-
frequency case is
Uk0(T, 0) = exp [2i(µ1T )σ
z] exp [−2iT (τ cos k0 − µ0)σz]
= exp [−2iT (τ cos k0 − (µ0 + µ1))σz] (15)
and has precisely the same form in parameter space as the
multifrequency driving case, provided µ1 is replaced with
µeff. Therefore, the effective topological phase bound-
aries of the two driving schemes must coincide.
The quasienergy dispersion at the HSP obtained from
the Floquet operator is simply the exponent of (14)
θ(k0) ≡ arccos [Tr [Uk0(T, 0)] /2]
= arccos [cos (−2(τ cos k0 − (µ0 + µeff)T )))]
= −2T (τ cos k0 − (µ0 + µeff)), (16)
from which the quasienergy gap closures θ(k0) = mpi,
m ∈ Z (the multiples of pi stem from folding back all the
Floquet bands to 0 or pi) can be readily determined to be
µ0 + µeff = ±τ − mpi
2T
, (17)
which precisely coincides with the topological phase
boundaries.
More generally, this result is valid also for mul-
tifrequency delta-drives with an arbitrary number of
commensurate periods T1, T2, T3, . . . satisfying p1T1 =
p2T2 = p3T3 = · · · = T , where T is the smallest com-
mon multiple of every sub-period Ti, and pi is the corre-
sponding multiplicity Because the gap can only close at
the HSPs k0 = 0, pi, all possible combinations of multifre-
quency delta-drive are collapsed to the same topological
phase diagram, provided that
µ1 → µeff =
∑
i=1
µi (18)
While the gap closures coincide at the HSPs, slightly
away from them the effect of the σy term will modify the
quasienergy spectrum and strongly influence the shape
and size of the gap as we tune away from criticality.
3.1.3. Harmonic drive
A similar quasienergy gap control with multifrequency
driving can be obtained also for other types of modula-
tions, such as a two-frequency cosine driving on top of a
static field:
µ(t) = µ0 +
µ1 − µ0
2
(
1 + cos
(
2pi
T1
t+ δ1
))
+
µ2 − µ0
2
(
1 + cos
(
2pi
T2
t+ δ2
))
. (19)
Once again the topology is determined by the gap closure
at the HSPs k0 = 0, pi. Evaluating the Hamiltonian at
the HSPs eliminates the σy part, rendering it diagonal.
We can therefore drop the time-ordering operator in the
Floquet operator, which simplifies to
Uk0(T, 0) = exp
[[
− 2i(τ cos k0 − µ0)T
+ iT
(
1 +
sin δ1
2pip1
)
∆µ1
+ iT
(
1 +
sin δ2
2pip2
)
∆µ2
]
σz
]
, (20)
where we have introduced ∆µ1 ≡ µ1−µ0, ∆µ2 ≡ µ2−µ0,
and expressed T1 and T2 in terms of T and their mul-
tiplicities. The gap closures in the quasienergy disper-
sion are obtained also in this case by setting θ(k0) ≡
arccos (Tr [Uk0(T, 0)] /2) = mpi, which leads to the fol-
lowing condition:
µcoseff ≡
∆µ1
2
(
1 +
sin δ1
2pip1
)
+
∆µ2
2
(
1 +
sin δ2
2pip2
)
= (±τ − µ0)− mpi
2T
(21)
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Figure 9: Schematic depiction of the SSH model. Depending
on the ratio r = u0
v
between the intracell and intercell cou-
pling, the system is either a) topologically trivial (r < 1) or
b) topologically ordered with unpaired edge states (r > 1).
For a cosine modulation, thus, the effective driving ampli-
tude is more involved and depends explicitly on all the
parameters of the driving, specifically the phase of the
driving and the commensuration ratio. For δ1 = δ2 =
2pin, n ∈ Z, we obtain a simpler formula similar to (17),
independent of the commensuration:
∆µ1 + ∆µ2
2
= (±τ − µ0)− mpi
2T
. (22)
We now turn to different topological models in 1D to
demonstrate that our reasoning is not confined to the Ki-
taev chain alone, but also extends to systems that belong
to different topological classes.
4. SSH MODEL
The SSH model describes non-interacting, spinless
fermions hopping on a 1D lattice of N unit cells with
staggered hopping amplitudes between two sublattices A
and B, as shown in Fig. 9. Each unit cell n consists of
two sites, one on sublattice A described by operator an,
and one on sublattice B described by operator bn.
The dynamics of the system is described by a Hamil-
tonian of the form
HSSH =
N∑
n=1
[(
va†nbn + u0a
†
n+1bn + h.c.
)
+ M
(
a†nan − b†nbn
)]
. (23)
Because of this staggered configuration of different intra-
and inter-cell hopping, the SSH with M = 0 is sometimes
used to model the structure of polyacetilene molecules61,
while forM 6= 0 it can model diatomic polymers62. In the
following, we will set M = 0 for simplicity. For M = 0
and u0 > v the system has a nontrivial topology with
two (fermionic) edge states appearing at the end of the
chain, one on sublattice A and the other on sublattice B.
The static excitation spectrum of the SSH model with
the localized edge modes is shown in Fig. 10.
0.0
2.0
1.0 2.00.0
u0
E(u0)
1 100 200
unit cell position
-0.6
0.0
0.8
ψ
a) b)
-2.0
Figure 10: a) Excitation spectrum of an SSH chain with
N = 100 unit cells as a function of u0 with v = 1.0. b)
Localization of the edge states corresponding to the eigenvalue
0 for v = 1.0, u0 = 1.5.
Once again, because of the bulk-edge correspondence,
we can examine the topology also in a ring geometry.
The BdG bulk Hamiltonian of the SSH model can be
obtained by Fourier transforming to momentum space in
a procedure similar to the one highlighted in the previous
section, yielding63
HSSH,k = (v + u0 cos k)σx + u0 sin kσy (24)
with an energy dispersion
ESSH(k) = ±
√
v2 + u20 + 2vu0 cos k, (25)
which exhibits a gap closure at k0 = ±pi for v = u0,
concomitantly with the expected TPT in the open chain.
Analogously to what already discussed for the Kitaev
chain, periodic driving applied on the SSH chain can also
induce edge-localized modes associated with quasienergy
±pi64–66. These pi modes have already been experimen-
tally detected, for instance in coupled corrugated waveg-
uides67. As opposed to the static case, in the driven case
the gap closures in the dispersion can also occur at the
other HSP, k0 = 0.
4.1. Multifrequency driving
Multifrequency driving can be applied here too to con-
trol the size of the quasienergy gaps and the number of
topological excitations in each phase, all without chang-
ing the location of the gap closures in the phase diagram
that delineate the TPTs. For simplicity, here we ex-
clusively present results regarding multifrequency Dirac
combs, although other driving schemes such as a har-
monic drive can be employed to lead to qualitatively sim-
ilar results. We vary the intercell hopping as
u0 → u(t) = u0 + u1T1
∑
m∈Z
δ(t−mT1)
+ u2T2
∑
m′∈Z
δ(t−m′T2), (26)
where the commensuration condition p1T1 = p2T2 = T
holds. We then probe the topology as a function of
9the driving parameters u1, u2, and T by counting the
quasienergies at T = 0,±pi extracted from the strobo-
scopic Floquet Hamiltonian. Note that for the single-
driving case we obtain
USSH,k(T, 0) = exp [−iT (u1 cos kσx + u1 sin kσy)]
× exp [−iT ((v + u0 cos k)σx + u0 sin kσy)] .
(27)
Fig. 11 presents a comparison of the topological phase
diagrams obtained for the single-frequency and various
double-frequency protocols. From the figure we can
clearly see that all standard TPTs occur at the same po-
sition in phase space for every driving scheme, provided
that we account for the renormalization u1 → ueff =
u1 + u2 in the driving strength. An exception is pro-
vided by TPTs at non HSPs associated with quasienergy
backfolding, similar to the case “frozen dynamics” seen in
the periodically driven Kitaev chain. This phenomenon
is however dependent on the particular choice of delta-
drive and is not universal. This is briefly discussed in
appendix A.
We can understand the backfolding of the phase dia-
grams from the double-frequency to the single-frequency
case once again by considering the form of the Floquet
operator at the gap closures at k0 = 0,±pi:
Uk0(T, 0) = exp [−iT (v + (u0 + u1 + u2) cos k0)σx]
= exp [−iT (v + (u0 + ueff) cos k0)σx] , (28)
which has the same form of the Floquet operator at k =
k0 for the single driving, Eq. 27, provided u1 → ueff.
Even though the TPTs remain consistent throughout
the effective phase space, the number of edge modes and
their stability depend heavily on the driving protocol
used, and so does the size of the quasienergy gaps at
0 and pi. These characteristics can be ascertained from
Fig. 12, where the quasienergy spectrum across T = 2.0
is plotted for various driving protocols. In particular, it is
interesting to also note that multifrequency driving sta-
bilizes additional zero-energy modes for u1 & 1.2 that are
not present in the single-frequency case. As in the KC,
multifrequency driving in the SSH model is used to mod-
ify the number and localization of the edge modes while
maintaining the overall shape of the phase diagram (i.e.
the location of the gap closures).
Like in the KC, control over the edge modes is achieved
also by tuning the size of the quasienergy gaps dynami-
cally over different driving protocols. As a consequence,
a different localization of the edge modes and a differ-
ent degree of hybridization among themselves can be ob-
tained. This result is depicted in Fig. 13, where the edge
mode localization at T = 2.0 and ueff is plotted for var-
ious driving protocols. In the figure we can clearly see
how, for the parameters chosen, the localization length of
the pi-mode can be manipulated over a very large inter-
val: from strong localization at the edges in the single-
frequency protocol, to complete hybridization in the 4:3
protocol. It is interesting to note that, while the pi mode
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Figure 11: Comparison of the topological phase diagrams of
the periodically driven SSH chain with the single-driving pro-
tocol and with various commensurate double-driving proto-
cols for a chain of N = 100 unit cells: a) single-driving pro-
tocol, b) 2:1 protocol, c) 3:1 protocol, d) 3:2 protocol, e) 4:3
protocol, f) 5:3 protocol. The phase diagram was obtained by
counting the number of quasienergies within a certain thresh-
old δ from 0 and pi. For a)-c) δ = 10−3, while for d)-f)
δ = 10−2. The values of the static parameters are all v = 1.0,
u0 = 0.0.
localization is controlled, the zero edge mode remains
strongly localized across all the different protocols. This
finding therefore illustrates also that zero and pi-mode
localization can be tuned independently from each other
by choosing appropriate regimes and driving protocols.
5. CREUTZ LADDER
The third topological model analyzed in this paper is
a Creutz-type ladder consisting of two 1D sublattices (A
and B) of N sites each68. This model belongs to the
complex symmetry class AIII and possesses a topologi-
cal phase diagram that is equivalent to the one of the
Haldane model, and can be therefore be viewed as its
1D counterpart69. Spinless electrons hop along the two
sublattice with opposite strengths tx and −tx. The lat-
tices are additionally coupled to each other via nearest-
neighbor (NN) hoppings ty and next-nearest-neighbor
(NNN) hoppings txy (see Fig. 14). Finally, a magnetic
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Figure 12: Comparison of the quasienergy spectra of the pe-
riodically driven SSH chain with the single-driving protocol
and with various commensurate double-driving protocols for
a chain of N = 100 unit cells and T = 2.0: a) single-driving
protocol, b) 2:1 protocol, c) 3:1 protocol, d) 3:2 protocol, e)
4:3 protocol, f) 5:3 protocol. The values of the static param-
eters are all v = 1.0, u0 = 0.0, while the driving strength of
the second pulse was chosen to be u2 = 1.0 (b-f), such that
ueff = u1 + u2 ∈ [0, 3] for comparison with the single-driving
protocol.
field perpendicular to the ladder plane induces an addi-
tional Peierls phase θ along the NNN bonds. The full
Hamiltonian of the system is therefore
HCL =
N∑
n=1
[
tx
(
b†nbn+1 − a†nan+1
)− tya†nbn
−txy
(
b†nan+1e
iθ + a†nbn+1e
−iθ)+ h.c.] , (29)
where a
(†)
n and b
(†)
n denote creation/annihilation opera-
tors at site n for the sublattice A and B, respectively.
In the following, we will set tx = ty = t for simplicity,
and normalize the Hamiltonian in units of txy, defining
an effective hopping parameter m ≡ ttxy . This type of
Creutz ladder can be realized in ultracold fermionic sys-
tems in optical lattices, where the NNN hopping can be
engineered via two-photon resonant coupling between the
orbitals by periodic shaking the lattice70–72.
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Figure 13: Edge mode localization in the driven SSH model
with N = 100 unit cells, across six different driving protocols
with T = 2.0. For each panel, the upper plot depicts a zero-
quasienergy mode, while the lower plot corresponds to a pi-
quasienergy mode. a) single-frequency driving (u1 = 2.0), b)
2:1 protocol, c) 3:1 protocol, d) 4:1 protocol, e) 3:2 protocol,
f) 4:3 protocol. For all multifrequency protocols u1 = 1.8,
u2 = 0.2. The values of the static parameters are all v = 1.0,
u0 = 0.0.
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Figure 14: Schematic depiction of the Creutz ladder made
out of two sublattices A and B. Electrons hop along each
leg with strength tx and −tx, respectively. The NN hopping
between the sublattices is given by ty, while txy described the
NNN (diagonal) hopping. The arrows indicate the direction
along which Peierls phases are introduced via a perpendicular
magnetic field.
5.1. Static topology
In the static Creutz ladder with open boundary condi-
tions, topological interference effects lead to the appear-
ance of zero-energy edge states within the regions delim-
ited by the curves m = ±2 sin θ, as can be seen in Fig. 15.
With periodic boundary conditions, it is possible to de-
scribe the topology from a winding number constructed
from the bulk Hamiltonian
HCL,k
txy
= [(m+ 2 cos(k + θ)) σx + 2m cos(k) σz] . (30)
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Figure 15: a) Depiction of the topological phase diagram of
the static Creutz ladder, as computed from the number of
zero-energy states in an open chain consisting of sublattices of
N = 100 sites each. b) Energy spectrum of the corresponding
Hamiltonian (29) (normalized with txy) as a function of θ, for
N = 100 rungs and hopping parameter t = 1.0. The spectrum
is indicated with a green line in panel a). c) Localization of
the zero-energy states at t = 0.5, θ = pi/2, signalling edge
states.
as
W =
∫ pi
−pi
dk
2pi
iq−1(k)∂kq(k), (31)
where q(k) = 2m cos(k)− i(m+ 2 cos(k + θ)). The bulk
Hamiltonian (30) fulfills chiral symmetry (e.g. S = σy)
without time-reversal and particle-hole symmetries, and
hence belong to the complex symmetry class AIII48,69.
This winding number defines three different phases: two
topological ones (W = 1 and W = −1) and one topolog-
ically trivial (W = 0), whose boundaries coincide with
the gap closures already identified in the spectrum of
the open chain. In fact, along the curves m = ±2 sin θ
that delineate the static topological phase transitions, the
bulk energy dispersion exhibits Dirac-type gap closures
at k = ±pi2 . The different values of the winding number
are superimposed to the phase diagram obtained from
the energy spectrum in Fig. 15.
5.2. Multifrequency driving
As in the previously discussed models, it is possible to
drive the parameters of the Creutz ladder with multiple
commensurate frequencies to obtain out-of-equilibrium
topological phases. In the following, we concentrate on
the multifrequency drive applied to the parameter m,
again in the form of delta kicks
m→ m(t) = m0 +m1T1
∑
n∈Z
δ(t− nT1)
+m2T2
∑
n′∈Z
δ(t− n′T2), (32)
with the usual commensuration condition p1T1 = p2T2 =
T . Once again, we probe the stroboscopic topology by
constructing the Floquet effective Hamiltonian (3) and
analyzing the appearance and disappearance of zero and
pi modes as a function of the driving parameters mi and
the period T . As a reminder, for the single-driving case,
the Floquet operator takes the following form
Uk(T, 0) = exp [−i(2m1T cos k σz +m1T σx)]
× exp [−iT (2m0 cos k σz+
(m0 + 2 cos(k + θ)) σ
x)] (33)
while for multifrequency driving the Floquet operator in-
volves the product of more exponentials.
The stroboscopic topological phase diagrams obtained
for the Creutz ladder are displayed in Fig. 16 for the
single-frequency protocol (panel a)) and various multi-
frequency protocols (panels b)-f)). Like in the previous
systems, for all protocols considered, a visual compari-
son reveals that the topological phase boundaries have
the same shape in the effective parameter space, apart
from minor distortions due to finite size effects and the
arbitrary choice of the quasienergy threshold. The only
notable exception is the presence of a seemingly addi-
tional TPT in the single-driving protocol (marked with a
red arrow in Figs. 16a) and 17a)), which is absent for the
other driving protocols. However, as explained in Ap-
pendix B, this transition stems from frozen dynamics: it
corresponds to an additional gap closure at a non-HSP
k0 6= 0,±pi/2,±pi due to the particular choice of delta-
driving. Since transitions associated with frozen dynam-
ics are in general neither systematic nor robust, we will
ignore them in our general discussion.
Fig. 17 depicts the shape of the quasienergy spectrum
for the different driving protocols along the same cut with
meff = 2.0. As seen in the previous systems belonging
to different symmetry classes, despite the gap closures
and the TPT occur at the same points, the quasienergy
spectrum greatly differs from case to case. This affects
both the number of 0 and pi edge modes present in each
phase, and the size of the gap separating them from bulk
modes. By dynamically switching between different driv-
ing protocols, it should therefore be possible to control
the stability of such edge modes like in the other models.
The equivalence of the topological phase diagrams
for different multifrequency driving protocols can, once
again, be traced back once again to the fact that the
TPTs are governed by the gap closures at a handful of
HSPs. For the Creutz ladder, the HSPs are located at
k0 = ±pi2 . At these points, because cos k0 = 0, the instan-
taneous Hamiltonian is given only by the σx component
and the time-ordering in the Floquet operator can be
dropped, yielding
Uk0(T, 0) = exp
[
− i
∫ T
0
dt
(
m(t) + 2 sin k0 sin θ
)
σx
]
= exp
[
− i
(
(m0 + 2 sin k0 sin θ)T
+m1p1T1 +m2p2T2
)
σx
]
. (34)
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Figure 16: Comparison of the topological phase diagrams of
the periodically driven Creutz ladder with the single-driving
protocol and with various commensurate double-driving pro-
tocols for a chain of N = 200 ladder rungs: a) single-driving
protocol, b) 2:1 protocol, c) 3:1 protocol, d) 3:2 protocol, e)
4:3 protocol, f) 5:3 protocol. The phase diagram was obtained
by counting the number of (asymptotic) quasienergies within
a certain threshold δ from 0 and pi. For a)-c) δ = 10−3, while
for d)-f) δ = 10−2. The values of the static parameters are
all m0 = 1.0, θ = pi/2.
Precisely like in the previous cases, we can then define
an effective parameter meff ≡ m1 +m2. Because the Flo-
quet operator for the multifrequency protocols written in
terms of the effective parameter has the same form as the
one for the single-frequency protocol, the TPTs in both
cases must coincide.
Like in the other models, the different size of the
quasienergy gaps obtained with different driving proto-
cols is reflected in a different edge mode localization. This
result is illustrated in Fig. 18, where the edge modes at
T = 1.5, meff = 2.0 are calculated for various driving
protocols. From the figure, we can appreciate that the
edge modes can be made to localize or delocalize over a
great range of distances, often with the presence of an os-
cillatory tail typical of Floquet systems27. Overall, more
complex driving protocols tend to fill up the quasienergy
spectrum more evenly, and lead to a stronger delocal-
ization of the edge modes. This change can be quite
dramatic, to the point where a full hybridization between
the edge modes occurs (panels e) and f) corresponding to
Figure 17: Comparison of the quasienergy spectra of the peri-
odically driven Creutz ladder with the single-driving protocol
and with various commensurate double-driving protocols for
a chain of N = 200 fermions: a) single-driving protocol, b)
2:1 protocol, c) 3:1 protocol, d) 3:2 protocol, e) 4:3 protocol,
f) 5:3 protocol. The values of the static parameters are all
m0 = 0.0, θ =
pi
2
, while the intensities of the drives were
chosen to be m1 +m2 = 2.0.
3:2 and 4:3 protocols), turning them into mid-gap states.
However, exceptions occur: for example, the pi-mode has
minimal localization length in the 2:1 protocol.
Our analysis on the Creutz ladder shows once again
that multifrequency driving is a useful tool to modify
the localization length and therefore control the stability
of edge modes, also in complex topological classes.
6. CONCLUSIONS AND OUTLOOK
In this paper, we have described the effect of commen-
surate multifrequency driving on the topology of three
fermionic systems belonging to as many different sym-
metry classes of the Altland-Zirnbauer classification and
hosting fermionic and anyonic edge modes. Concretely,
we have analyzed the Kitaev chain, the Su-Schrieffer-
Heeger model, and the Creutz ladder. We have mainly
focussed on delta-pulsed driving schemes, but have also
briefly illustrated generalizations to continuous drives
such as a harmonic drive. We have provided a gener-
alization of the topological features observed in single-
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Figure 18: Edge mode localization in the driven Creutz ladder
with N = 200 rungs, across six different driving protocols
with T = 1.5. For each panel, the lower plot depicts a zero-
quasienergy mode, while the upper plot corresponds to a pi-
quasienergy mode. a) single-frequency driving (m1 = 2.0), b)
2:1 protocol, c) 3:1 protocol, d) 4:1 protocol, e) 3:2 protocol,
f) 4:3 protocol. For all multifrequency protocols m1 = 1.8,
m2 = 0.2. The values of the static parameters are all m0 =
0.0, θ = pi/2.
frequency drive to driving protocols with multiple com-
mensurate frequencies.
We have demonstrated that the topological phase tran-
sitions generated through commensurate multifrequency
driving can be mapped back exactly to their single-
frequency counterparts. While the topological phase
transitions and the corresponding gap closures remain
pinned at the same locations as a function of the effec-
tive driving parameters, the structure of the quasienergy
spectrum greatly differs among different driving proto-
cols. This includes the number of edge modes in each
phase and the size of the gap between edge and bulk
modes.
We have shown that this variability can be harnessed to
dynamically control the number and the stability of the
edge modes. Within the same driving protocol, this could
be achieved for instance by (adiabatically) changing the
way the intensity of the drive is distributed among dif-
ferent pulses, while keeping the overall period constant.
The equivalence of the effective phase diagram between
many different driving protocols however introduces also
a completely new handle in the way Floquet edge modes
can be manipulated, namely the form of the protocol it-
self. The size of the quasienergy gap and the localization
length of the edge modes can be controlled by keeping
the period and the total intensity of the drive fixed, but
applying different driving protocols. We also found that
zero and pi-modes can be controlled independently from
each other. As a general rule of thumb, we find that more
complex driving protocols tend to fill up the spectrum
more evenly and reduce the size of the quasienergy gaps,
thereby delocalizing the edge modes, even to the point
of edge-to-edge hybridization. However, exceptions exist
where simpler protocols lead to more delocalized states.
Our work represents yet another instance of how Floquet
engineering can be carefully applied to dynamically ma-
nipulate the topological properties of condensed matter
systems.
In the future, to verify the control of the quasienergy
gaps and of the edge modes in real time, it would be in-
teresting to analyze the stability of the edge modes to
sudden quenches between different multifrequency pro-
tocols, for instance with tensor network simulations of
the fermionic chains. Another possible direction of study
consists of extending our results to other topological
classes beyond two-band descriptions, for instance to the
class CII in one dimension (which includes spin-orbit cou-
pling), and to higher dimensions, including systems with
anomalous edge modes59. We anticipate that similar
reductions of multifrequency phase diagrams to single-
frequency ones are feasible, provided that the Floquet
operator can be written as a 2× 2 matrix. An extension
to systems described by larger algebras would require
a separate analysis to determine the conditions that al-
lows for a simplification of the Floquet operator at the
HSPs. Finally, it would be interesting to map out the
localization length of the edge modes across all different
parameter regimes to provide a “stability diagram” of the
driven systems. This could be achieved for instance with
the curvature renormalization group method73–79, which
is known to efficiently determine the localization length
from the correlation length of the topological curvature
function (e.g. Berry curvature or Berry connection).
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Appendix A: Frozen dynamics in the driven SSH
model
In this appendix, we analyze the phenomenon of frozen
dynamics emerging in the driven SSH model. This phe-
nomenon is analogous to what already observed in the
periodically Kitaev chain33 and is a consequence of the
particular choice of delta-driving in which the coeffi-
cient of the Dirac is a product of intensity and period,
i.e. u(t) = u0 + u1T
∑
m∈Z δ(mT − t). For the single-
frequency drive, the quasienergy dispersion can be calcu-
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Figure 19: Illustration of the effect of multifrequency driving
in stabilizing edge modes via quasienergy backfolding (frozen
dynamics) in the periodically driven SSH chain. Upper pan-
els: quasienergy spectrum as a function of T for a) the single-
frequency drive with v = 1.0, u0 = 0.0, u1 = 1.8, and
b) the 2:1 double-frequency drive with v = 1.0, u0 = 0.0,
u1 = 0.8, u2 = 1.0. The vertical orange lines depict the lo-
cation of the flat band in the single-frequency case that is
expanded to a fully-distributed spectrum with gap closure in
the double-frequency case. Lower panels: the correspond-
ing quasienergy dispersions in the closed chain. In panel d),
the quasienergy dispersion at u1 = 1.0 with coexisting gap
closures at quasienergy 0 and pi (green line) is additionally
depicted.
lated as
θ(k) = arccos
[
cos(u1T ) cos(TESSH(k))
− (u0 + v cos(k)) sin(u1T ) sin(TESSH(k))
ESSH(k)
]
(A1)
with ESSH(k) the static energy dispersion (25). We can
easily see that, by setting u1T = mpi with m an integer,
the quasienergy dispersion is mapped back to the static
dispersion, i.e.
θ(k) =
{
TESSH(k), m ∈ 2Z,
| − pi + TESSH(k)|, m ∈ 2Z+ 1, (A2)
where in the second case we have restricted ourselves
to |TESSH(k)| < 2pi for simplicity. This behavior in-
duces gap closures at non-HSPs due to the mechanism of
backfolding within the Floquet-Brillouin zone explained
in Ref.33. For instance, in the case m ∈ 2Z, whenever
TESSH(k) > pi, a gap closure occurs at pi because the
quasienergy dispersion θ(k) has to be backfolded within
the interval (−pi, pi]. For every value of ESSH(k) > 0, it
is always possible to find a T that pushes TESSH(k) > pi,
and therefore these gap closures are not pinned at HSPs.
Instead, they are a particular feature of the type of delta-
drive chosen here.
Besides the established frozen dynamics occurring with
the single-frequency driving, the introduction of multiple
Dirac pulses also creates the possibility of having frozen-
dynamics-like additional gap closures at non-HSPs that
are not present in the single-driving protocol. This is best
illustrated with a concrete example for the 2 : 1 driving
protocol at u0 = 0, for which the Floquet operator takes
the form
U2:1SSH,k(T, 0) = exp
(
−i
(
u1T
2
+ u2T
)
(cos kσx + sin kσy)
)
× exp
(
−iT
2
σx
)
× exp
(
−iu1T
2
(cos kσx + sin kσy)
)
× exp
(
−iT
2
σx
)
. (A3)
The matrix exponential can be evaluated explicitly with
the help of the formula for the exponential of a Pauli
vector σ, exp (ianˆ · σ) = cos a12 + i sin anˆ · σ, where
nˆ is a unit vector, such as (cos k, sin k, 0) in our case.
By inserting this formula in Eq. A3, we can derive the
dispersion
θ(k) = arccos
[
2 cos2 (T/2) cos
(
(u1 + u2)T
)
+ 2 sin2(T/2)
(− cos(u1T/2) cos ((u1 + 2u2)T/2)
+ cos(2k) sin(u1T/2) sin
(
(u1 + 2u2)T/2
))− 2 cos k sinT sin((u1 + u2)T )]. (A4)
This dispersion acquires a very simple form for multiples
of u2T = pi, namely
θ(k) = arccos
[
2
(
1− sin2
(piu1
2
)
(1 + cos(2k))
)]
(A5)
which exhibits linear gap closures at k = ±pi2 . An exam-
ple of these additional gap closures and the correspond-
ing edge states is shown in Fig. 19, where the quasienergy
spectrum (OBC) and the quasienergy dispersion (PBC)
of the single-frequency and of the 2:1 double frequency
15
protocol are compared. It is in particular interesting to
note how the flat band in the single-frequency case is
converted into a gap closing dispersion with the double-
frequency drive. As we can gauge from the figure, this
procedure stabilizes the edge state at quasienergy ˜ = 0,
which survives for longer periods until it gets annihilated
when the gap closes at T = pi. Note also that the coex-
istence of both types of frozen dynamics (i.e. u1T = mpi
and u2T = m˜pi), implies θ = arccos[−2 cos(2k)], which
has both a 0-gap closure at k = ±pi2 and a pi-gap closure
at k = 0,±pi (Fig. 19d)).
Appendix B: Frozen dynamics in the driven Creutz
ladder
In this appendix, we show how frozen dynamics arises
in the driven Creutz ladder. For the sake of exposition,
we focus on the single-frequency case with θ = pi/2 and
m0 = 1.0, but these considerations are independent of
the choice of parameters. For this driving protocol, the
quasienergy dispersion is calculated as
θ(k) = arccos
[
cos (S(k)) cos (TECL(k))−
(
1 + 4 cos2(k)− 2 sin(k))√
3 + 2 cos(2k)ECL(k)
sin (S(k)) sin (TECL(k))
]
, (B1)
a)
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Figure 20: a) Lines of frozen dynamics in the driven Creutz
ladder corresponding to various values of n in (B2). b) zoom
of panel a) to fit the boundaries of the phase diagrams de-
picted in Fig. 16.
where ECL(k) ≡
√
4 cos2(k) + (1− 2 sin(k))2 is the posi-
tive branch of the static dispersion (for θ = pi/2 andm0 =
m = 1.0) and S(k) ≡ m1T
√
3 + 2 cos(2k). By examin-
ing the shape of the dispersion, we can see that we can
obtain frozen dynamics whenever m1T
√
3 + 2 cos(2k) =
npi, with n ∈ Z. Interestingly enough, in this case
the corresponding transition lines have an additional
k-dependence. This can however be eliminated self-
consistently by demanding that θ(k) = 0,±pi. The only
real solution for k is k = arcsin
(
5
4 − pi
2
4T 2
)
. Inserting this
in the equation for the frozen dynamics, we obtain the
explicit equation
m1(T ) =
npi
T
√
3 + 2 cos
(
2 arcsin
(
5
4 − pi
2
4T 2
)) . (B2)
This equation is plotted in Fig. 20 for various values of
n. Note that only the lines for n = 1, 2 are visible in the
region where the phase diagrams of Fig. 16 have been
plotted.
The line for n = 1 indeed corresponds to an additional
gap closure in the quasienergy spectrum where the num-
ber of zero modes changes (cf. red arrow of Fig. 16 and
π
-π
0
0
momentum k
1-1 4
Figure 21: Comparison of the quasienergy dispersion for the
driven Creutz ladder with the single-driving (orange curve)
and double-driving (green curve) protocols at T = 1.08, cor-
responding to the gap closure marked by the red arrow in
Fig. 16. This gap closure does not occur at a HSP, and is
lifted in the 2:1 driving protocol. The corresponding transi-
tion is due to the specific form of the delta-drive.
Fig. 17a)). A closer inspection of the quasienergy disper-
sion at this point, shown in Fig. 21 reveals indeed that
the gap closure occurs at a non-HSP k 6= 0,±pi/2,±pi.
For multifrequency driving protocols, this transitions dis-
appears. The line for n = 2, on the other hand, does not
seem to be systematically associated with a TPT in the
phase diagram.This could be due to the fact that the
number of edge modes does not systematically change
despite the gap closure.
Altogether, these results seem to indicate that frozen
dynamics is quite erratic and does not represent a reliable
and systematic way to obtain robust TPTs. A methodi-
cal analysis of frozen dynamics is left for future studies.
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